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Abstract-The bending theory of laminated plates presented by Ren is used to determine natural
frequencies and buckling loads of laminated plates, The theory allows a parabolic distribution of
tmnsverse shear stress through each I<lyer. The tr<lnsverse she<lr stresses are continuous <lcross the
interf<lces between I<lyers. Frequencies (lnd buckling loads of simply supported cross-ply laminated
pl<ltes are eomp<lred with e~aet results from three-dimensional elasticity theory, Results for simply
supported <Ingle-ply 1(lminated plates arc abo presented.

l. INTRODUCTION

In recent years. advanced composites havc been widely used in many engineering structures.
due to their high still'ness-to-weight ratio. thereby creating considerable interest in thcir
analysis. Howcvcr. classical platc thcory when uscd to analysc laminatcd plates oncn
underpredicts dclkctions and overpredicts natural frequcncies and buckling loads. There­
fore. various relined plate theories have been developed. Amongst these are thc Rcissncr··
Mindlin thcory (Reissner. 1945; Mindlin. 1951). high-ordcr theory (Lo. 1977; Levinson,
19XO; Murthy. 19XI; Reddy, 19X4) and Ambartsumy.tn·s theory (Ambartsumyan. 19(9).
Recently a theory of laminated plates was presented (Ren. 19X6a. b). On the basis of the
cylindrical bending of an 'lI1isotropic cantilever plate. an assumption reg.lrding in-plane
displacements is made. The distributions of transverse shear stresses are parabolic through
each layer. and these stresses are continuous at the interfaces between layers. Closed-form
solutions from the theory me compared with exaet solutions from elasticity theory and the
results arc in good agreement. In this paper. we use the theory to detcrminc thc natural
frcqucndes and buckling loads.

1. TIIEORY

2.1. CO/lStitlltil'e eqll(/tiol/S

For a plate of constant thickncss. II. which is composed of thin laycrs of anisotropie
matcrial. constitutive equations for each layer can bc derived as discussed in Whitney and
Pagano (1970). Under the assumption that each layer possesses a plane of elastic symmetry
pamlid to the x-y plane. and that the normal stress (1: is neglected for deformation. the
constitutive equations for a layer can be written as

QI/']{I;'}
Q1/, .~" = [Qd {r.}
Q~/> f ....

where Qii are the plane-strcss-reduced elastic constants.

( I )

(2)
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Fig, I, laminated plate,
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2.2. Displacements and strains
The theory of laminated plates is based on the exact solution for the cylindrical bending

of an anisotropic laminated cantilever plate (Ren. 1986a. b). For the laminated plate shown
in Fig. I, the transverse shear stresses can approximatdy be expressed as

r:: = ~,(x.y) C~II (Q'IIIJ+Q;II,C)(h,-h, d+(Q~,R+Q~"C)(=-h, I)
+<~IIQ'II(htl_h/ l)+RQ~I(=l_hi I)J
+~ .. (x . .I') ['II W'l''!J' +Q;,,,C') (h, -It, I) + (Q~hlJ' +Q~,,,C) (=-11, I)

_ t ' I

{,[',,,I , , (Q'II Q'll) , , (Q~1Q~l)J
+11,(X.Y) .)1 ,L.

I
(h,--h;- d Q'll +(=--hkd Q~"

-S{~I>ht-h, d(Q~~t;~)+(=_hk d(Q~~~~)J}
= a~(=)~ ,(x, y) + h;'(=)~,(X, y) + C~(=)ll,(X. y)

r:: = ~,(x.y) ['II (Q'."B+Q'""C)(h,-h, ,)+(Q~/B+Q~",C)(=-h, I)
, I

+R ~~: Qil .,{h,l_h,l ,)+RQ~t,(=l-hl dJ
+~,(x,y) ['II (Q'11/J' +Q'1,.C)(h, -h, d + (Q~1B' +Q~{.C)(2-hk d

t I

+ R:I' Qldh;" _hl", d+ R'Q~"(=l-ltl ilJ
,~ I

+11 .. (X.Y) {SIC~11 (Q~,~'"")(lI,l_h,l 1)+(Q~~~l}=l_hl ilJ
- S"['II (QIQ11 ~'l:)(h, -hi -I) + (~rQII_~~-=)c= -hk . tlJ}

I"" I I ~ J - I

= a; (=)~, (x. y) + 11; (=)~ .. (x, .1') +,(l (=)/1, (x, y) (3)
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and where
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B = SI (Q~6)S:(Q~6)-SI(Q~6)S:(Q~ I)

C = SI(Q~b)S:(Q~ d -SI(Q~ dS:(Q~b)

R = SI(Q~I)SI(Q~6)-SI(Q~6)SI(Q~6)

S = ~ Q'I,Q~:(/-h ) S = ~ QiIIQ'::(/:_h: )
Ii.. Qi.... I, 1- I. ~ _L Q' .., II 1- I

1= I L ,= I I.

N N

SI(Q~I) = L Q'II(hi-h._d. SI(Q~6) = L Q\6(h,-h.-d
1= I i= I

N N

SdQ~6) = L Q~6(h. -h,_ I)' S:(Q~ d = L Qil dhl -hl- I)
;= I i= I

:V

S:(Q~6) = L m6(h,:-h,:_I)'
I~ I
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The terms B'. C and R' arc similar to B. C and R with only Q~6 and Q~ 1 replaced by
Q~h and Q~:. The index is used to identify layers and the bottom layer corresponds to
k=1.

From the constitutive eqns (2) and the relationships between displacements and strains.
the transverse shear stmins for the kth layer can be written as

= ~,(x,y)(R~,{/:(=) + R~,(~(=» +~ .. (x.y)(R;,h:(=) + R~,h~(=»

+ II, (x . .1') R; ,c:(=) + 'I .. (X, .1') R~,.if: (=)

= ~ ,(x, .1')( R~~{/~ (=) + R~,{/:(=» + ~y(x. y)( R~~h~ (=) + R~5h~(=»

+II ,(x. .1') R~ ;(~(=) + II,(X. .1') R~~.if: (=) (4)

where

We assume that the deflection. II'. is constant through the thickness. Integmting cqns (4).
we have

ll(x,y. =) = -11',,= + A:(=)~. + 8:(=)~,. + C~(=)ll. + G:(=)II,. + I/o(x,y)

['k(X.y.=) = -II",=+A~(=)~,+8~(=)~,.+C~(=)ll.+G~(=)', •. +V()(.\:.Y) (5)

where

A:(=) = f[R;jc(.(=)+R~5~(=)l d=+{~

A~(=) = f[R~~~(=) + R~j{~(=)l d=+~. (6)
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Expressions for B~(;;). B~(::). etc.. are analogous to those given for A:(::) and A~(::) in egns
(6). Using the condition that the in-plane displacements are continuous between layers. the
constants c~. e~. etc.. can be determined. The constants for the layer in which the midplane
is located are zero.

From the strain-displacement relations. the strains are given in matrix form as

r} [' 0 0 A~ 0 Ef;. 0 c~ 0 G~ 0 I 0

~]£~ = 0 - 0 0 A~ 0 B~ 0 c; 0 G~ 0 I-
.,k () 0 A; A~ B; B~ C1

C~ G; G k 0 0," ,
"

= [Tdl.:I:;,: (7)

f'~:}= ['~~: B~: c: G~.: ] [T 1 f I (8)
B~: C~:

I. = : k ,I:"
~,~: A~: G".:

where

,/,., ,/,., ,/,., 'I ... 11 0., 1'''.1 1I 0... +1'0.,j'

2.3. (/('f/('ra!i::ct! slress slrail/ rclalilll/ships

Generalized strains and stress resultants have oeen introduced (Ren. 198fia, 0), so that
the equiliorium equations may oe simply expn:ssed in terms or generalized stress resultants,
which arc dclined as

(9)

w Ill: rc

:F1 ; = [AI, 1\/, AI" 1\ P" P" 1', S, S" S" S.. N, N, N".j'

:F~: = [V, V, R, R,II.

2.4. Eqllalilll/s III filII lillI/
Using Hamilton's principle, we ootain the equations or motion

(10)
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The term Pk is the density of the kth layer. A superposed dot denotes the derivative with
respect to time. t. and

o Gk
u

Gk,.

I

o

Integrating the expressions in eqn (10) by parts. and collecting the coefficients of (hI', J~x.

()~.. (h". ()II", ()lIo and Jl'o. we obtain the following equations or motion :

AI"" + 2AI".. ". + fl.1 .."... = AloIi"' - Al 111(,., - J"I!! li",rr + ,H I }~'"x + Al !-,~',.r

+ At I~~'\,x + At!~~·",. + M I5 i;", + M !5 i;'"

+ Al I ~;;"'" + Al !~;;,.,. + Al I 7iio., + M !Xi;O.r

P", + P".... - V, = - All Iii'·., - AI! Iii'·.,. + A{n~', + Al H~',

+ MISII, + At J,l; .. + A117 1/o+ M,xi;o

S", +S".. ,. - R, = - M I 5 Ii"" - M!5Ii··... + At l;~', + M ~5~',.

+ M 55i;, + M 5oi;.. + ,It! j7iio + lit! 5Xi;O

N", + N,r.y = - M 17 1i"',x + At 17~', + M H~',. + M 5711. + At07'/,. + Al 77 I/o

N"" + N,.... = - Al!X1i·'". + J\ll,~~', + fl.1 ~x~' .. + Al ;xll, + fl.loxi;" + ,\lxxi'o,

Boundary conditions arc of the form

II' or Qn+Mn',J

II' or ;lIn,n

';n or Pn

~,u or Pm
on r

'In or Sn

'1m or Sn,

liOn or Nn

lin•., or ,V•.,

( II )
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Fig. :!. Simply supported laminated plate.

where r is the boundary of the plate midplane. The terms 11 and s denote the lines normal
and tangential to the boundary. respectively. and

Q" = (iH,-,+A/" .• )II,+(IH".,+J/ •.• )1I,

1'" = (/'" + 1'•. .)11,11._ + 1',1I~ + I',II.~

1',,, =: (/', --1'.)11,11, + I'."I~ --I' .. II.~

i''': (I (1

1 = Il~ .... -Ill .....
I S IT I'X

Also S·". S"" 1/". 1/,,, and N". N",. II"". II",,, are defined by expressions analogous to P". 1'",.
(,. ~,,,. respectively.

.1. SIMPLY SUPPORTED PLATES

3.1. Simply slipported/Toss-ply Ilimillllted pllltes
We consider a laminated plate of N layers. as shown in fig. 2. in each of which the

axes are alternately oriented at 0 and 90 with respect to the x-axis. The equations of
motion can be written as
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DI~W_,x, + (D~~ + :2D 3S )w_,....

-D~~';ux -D;s';,.n+ H'I~' - (D~.+D;6)';' ..tI'

- D~.11,..u - DSQ 11x.n -(D~ II +Ds 10)11,·..<," +H 1311x

-D~ 1~1I0.n-D5 I~uu.}·.·-(D~ 13+ DS 1~)l"O .."

= JV I3 Ii··.x - AI3.1~·' -I'll .IS;;, - il,fJ7iiu

(D 17 +:2D .16)11'_,x, + DZ7 11".nT

- (D;" +D ~7)';ctl' - D"".;....u - D7 II.;, .•·.. + H ~~.; •.

-(D"Q+D7,)f/,..,,-D610f/y,.u-D. Ilfl..n·+H:.~'1.:.

-(D" 1~+D7 IZ)lIo..n -D" l~l'o,xx-D11.1CO.'T

= Al z~li·'... - Jol H~'" -1\1~"ii. -,\{~Ki'o

D IK\I'_,xx + (D ~K + :2D 3Q )lr.xn

- D~'';T,n - DSQ~u,' + HI3~' - (D 7 • + D,,").; •...,.,.

- D ..11,.n D.,</fl,.'T + H.
"

fl. - (D. 11+ D</ lo)11,·.n

-D'IZlIo,T,-D·'I~llo.,.•. -(DH 11+ D., I~)I'O.H

= Alls,i'·., - M,;~',- M "ii, - M,1iio

(D I II +2D, 10)1I·...,+Dz 11 11',,1"

- (D; III + D~ I d';,.tI' - D h 10';" - D 1 11 ~,.. n- +1/ :.~~,.

-(D" 10+D. 11)ll,."'-[)1lI1011, -DII,,'1,·.II'+II~~If..

- (D In I~ +[) II I !)lIo.tI' - D 1(1 I~I'o,,, - D II 1\1'11.,·\.

= 1"1 :.h1i.... - Al.lIl,. - i\4 hJi, - Al h.i'll

-D~ I:.';, ... -D j 1~';,.n·-([)7 I:'+{)h I~)';"''''

-{). 1:.1"-"-D"I~t1""T-(f)III~+f)lol~)ll,,,,

- D I :. I:' 11 11." - D H I ~1I11.'T - (D I! 13 + D I ~ I ~ )CO,Xl'

= AI I7Ii"" - M17~', - M nil, - M 77iio

(D I IJ+2D.I I~)II· ... ,.+D:. 1111'.".11'

-(D; I~+D~ ,1l';,.".-D" I~';,,,.. -D; 13';""

- (D 9 I~ + D. 13)11,..<1' - f) III 1411,.." - D I I 1.,'1".1"

- (D,~ I~ +D I :. 1,)110 .<1' - DI~ 141'0.« - DIJ Ill"I,,'"

::;: AI :.x1i'·,y -,"I ~.~:, - AI(,.'1" - 1"1..Eo.
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( 12)

Assuming that the phlt~ is simply supported in such a manner that normal displacement is
admissible. but the tangential displacement is not, the follO\... ing boundary conditions are
appropriate:

\1'(0•.1') = Ir(a.y) ::;: Ir(x.O) ::;: ll'(x. h) = 0

M,(O.y) ::;: M,(a.y) ::;: M,(x.O) ::;: AI,(x.h) = 0

';.1'(0.)') == ';,(a.y) = ';,(x. 0) = ';.(x. h) = 0

~~~==~~~=~~m=~~~=O

( 13)

(14)
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II, (0 . .1') = 1I,(a.y) = 'l,(X. 0) = IIJr. h) = 0

S,(O.y) = S,(a.r) = S,(x.O) = S,(x.h) = 0

ro(O.y) = ro«(/.y) = lI o(x. 0) = lI o(x. h) = 0

:V,(O.r) = S,((/.y) = S,(x.O) = S,(x.h) = O.

(15)

( 16)

The following form of solutions for (II·. ~,. ~,. '1,. 'I,. 110. r o ) satisfies boundary conditions
(13)-(16).

II" = L 11"",,, sin :xx sin {fy e ,,·,t

nr.n = I

~,= L ~ """ cos :xx sin {Iy e ,,,,'
fn,"= I

~\' = L ~r",,, sin xx cos I/.t' e Ilut

"'.!I= I

'\ • {' li»t'I, = L.. 'I""" cos :xx sin ).1' e
m." I

IL:= L ,,,,,,,, sin :lX cos fly t: It'lt

"1.11 I

11 0 = L 1I0nm COS xx sin /;.1' c It'I{

-/',11 - I

1'" = L ro",,, sin :xx cos {Iy e ""t
III,fl I

( 17)

where '1. = IImili and {I = IIIT/h. Suhsliluling eqns (17) inlo eqns (12) and eollcl':ling lhe
coetlicien ls. WI: ha ve

wherl:

:(): ( IX)

:.r} = [H'mll Sv"" ~ll"'l '/u"" '11/1111 lI o,,,,, I'llml/] ,

for any fixed III and II. The matrix [G"l rel'crs to the mass malrix in the case of free vibration
and the parameter /I} refers to the eorrl:sponding frequl:ncy.

For buckling. thl: right-hand sidl:s of eqns (II) should he moditil:d. Thl: right-hand
side from the sl:cond to the seventh arc equal to zero. and that of the first is equal to

( 19)

where N,. N" and iV, arc the in-plane forces.
Substituting eqns (17) into the modified eqns ( 12) and leuing the coetlicient determinant

be equal to zero for any fixed 111 and II. gives the critical loads.
Numerical results for cross-ply laminated plates which consist of equal thickness layers

arc compared with the results from three-dimensional theory. The data used here are taken
from Noor (1973. 1975) and the governing equations of this theory arc given by Srinivas
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Table 1. Comparison of natural frequencies, Iii = IOwh,,/(p,' ET), for simply supportt.-d cross-ply
square laminated plal.:s with a It = 5

Et/Er
lamination :"U 3 10 20 30 oW

Thrl-e-dimcnsional elasticity (Noor. 1973)
:: ::.5031 2.7938 3.069~ 3.2705 3-t::50

Antisymmetric
~ 2.61~2 3.2578 3.7622 ~.0660 4.::719
6 2.6M0 3.3657 3.9359 ~.2n3 -t.5091

IU 2.6583 3.4250 4.0337 4.4011 4.6498

3 2.6474 3.28~1 3.S2-tl ~.1089 ~.3006

Symmetric 5 2.65X7 3.40lN 3.9792 4.31¥1 4.537-t
9 2.66-t0 3.4.t32 -t.0547 ~A21O 4.6679

Prescnt
... 2AI28 2.77f>9 3.05::5 3.2529 3A072-

Antisymmetric
4 2.51}43 3.2296 3.73IX 4.0352 4.2418
f> 2.611'1 3.3346 3.9015 4.242f> 4.4730

10 2.6301' 3...W17 3.9%9 4.3631 4.61:!0

3 2.5560 3.251'6 3.61'98 3.931 I 4.01)23
Symmetric 5 2.f>30f, 3.3538 :U\\)32 4.:!08:! 4.4t91

9 2.6356 3.4013 3.(1)1)5 4.358:! 4.601N

t Number ('1' laycrs.
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et al. (ItHO) and Guz (1971). The material coellidents of an individual layer arc taken to
oe those Iypical of high fiorous composites. namdy

G" = 0.6.
EI

(i IT = 0.5.
/;', Vll' = \' n = O.:!5 (:!O)

where suoscript L rc!crs to the direction of the !iore. suhscript T refers to the transverse
din:ction, and " is Poisson's ratio. The plates arc free from loads for free vihration and
suhjeded to nO/'lIIal edge forces 011 sides x = n, a for huck ling.

J.:!. Silllply supported an,l/Ie-pll' laminated plates
We now consider a rectangular angle-ply laminated plate. as shown in Fig. 2. having

all even numher of hlyers with each ply alternately oriented at +(J and -0 to the x-axis
of the plate. From eqns (II). the equilibrium equations, in terms of disphlcements. for
anlisymmetric angle-ply laminated plates arc the following:

Tahle 2. ('omparison of critical buckling codIicicnts, ,v '" N.b1j( Hrlt ') for simply supportcd CfOSS-

ply sllU,trc laminatcu platcs with ,,:II '" 10

EI/Er
Lamination NL 3 to :!O 30 40

Threc·uimcnsional elasticity (Nllor, 1'175)
2 4,(,'J4X 6.IIXI 7.IH% 9.3746 10.8167

Antisylllllletric
4 5.173X 9.0164 13.7429 17.71l29 21.27%
6 5.2673 9.6051 15.0014 19.6394 23.66XIJ

10 5.315'1 9.91.'\4 15.6685 :!OJ,347 :!4.%36

3 5..1044 9.7621 15,HI''! IIJ.30411 22.XX07
Symmctric 5 5.3:!55 9,9603 15.6527 20.4663 :!4.5'n1)

I) 5..1.'52 10.0417 15,9153 20.%14 :!5.3436

Prescnt
2 4.7743 6.:;4'14 7.9953 9.5X59 11.059

Al1lisYl11lllctric
4 5.:!449 1).1.!,}2 1J.91J1l 17.9850 :!1.5021l
6 5.3.16X 9.723X 15.16411 19.X:!91 23.X73X

10 5.3X45 1O.0:!I)X 15.8:!74 :!O.1l175 25.1591

3 5.3Xx:! 9.827.3 14,1\75 IR.X50:! :!:!.0785
Symmctric 5 5.4023 1<>.0530 15.6619 20.33 I:! :!4.:!X92

'1 5.4085 10.1553 16.0.10.1 :! I,O-t2:! 25.3733
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D1 I "'.-'X« +2( D1~ + 2D.1 ;)lI'.-'Xn + D,,~ If.'",

- D I ~~ ut\ - (D:~ + 2D J5)~"XI' - (D I " + 2D't,)~,"-H' - D "~~I.I>'

- D I~'" Ut\ - (D=~ + 2D.1'1)'" '-'I' - (D I II + 2D , 10)"'"<,, - D: 11'1,.".

-(D I 1~+2D, 1:)lIo.H,-D" 1~1I0,."

-D I 1~l"Il.\X,,-(D= ,~+2D_J 1,)1-11.\1"

- A/oli" + Jlllli",.t\ + A/ == Ii",., - All .\~·"x -;\1 =~~'" - ;\11 si; ',t -;\1=I>i;,.,

DI~H'.,,, + (D=~ + 2D\dll·..m

- D-!-!~,." - D"~tn' + HII~\ - (D~7 + D51»~'\I

-D~xrl\,t\-D",r/,.n+HI\f/\-(D~ II +D, ,o)r',',n

-(D~ I~+D\ 1=)IIIl.... -D~ I~I'O.\\ -[)s 1.\1"11."

A/ 11 li'·.,_ - Alq~', - Al .lsi;, - 1\l,,~i"O

(D, 7 + 2D ,I,)I\'" \1 + IJ =7"',1>,

- (D ~ 7 + D".)';,." - DI>6~'" - D'7~'." + "==';,
-(Du+Dh,tlr/ ... ,-Di> 'Or',.n- D , Il rl ... ,+II:-!rl,

-D" 1:110, .. -0 7 l'II{O.•.,.-(f)7 I~+DI' 11)1-0...

JI :4Ii"" - 1\1H~', -- M ~III/, - AI -! 7z'io

f) I sll·... , + (n =x + 2D \'1 )11'.\\,

- f)" x.; L" - f), 'I C, \.1"\' + III \C, \ - (f) (, 'I + IJ 7 X ) ~ '. "

- Oxsl'"" - n'IOlr/,.",. + II, ~f/, - (0,\ 10 + D x II )q',\1

-(O"I:+OX I~)lill", -Os 1~1'0.\, -Do, 111'11.,\

All IIi.... - i\l\,~'\ -,\I II";, - A/ssi'"o

(D J II +2D 110)II',,",+D: 11"'.""1

-(f)411+ D I lo);",,-Df\ 10~I,,,-D711~,,.,,+II:~c,,

- (I)~ I I + f)" III ),/, II - f) I 0 lOr/I. \\ - D I I 11
'
/',\, + II~~I/ \

- D llIl :lIo.n - D II 1~lln.l"\· - (0'1 I~ + 0 10 11)fn..,\

AI: h Ii"., - AI H.~·, - AI hl"/" - All. 7z'i n

(0, 1~+2Dll=)II'..,"+/).\ 1:"'....

-(D~ I~+D) I=)~,.",-D" 1:~,·,\\-D71~"",,1'

- (f)" ,= + D x I ~ )r/ ',I' - f) 10 I =r/"" - D 1 I 1~'/ ... "

- D I =1: 11 11 . \\ - 0 I ~ I ~lIlJ ... - (I) I ~ I ~ + D I =1\)1'11.,\

- AI ~ 7~·. - i\f"7'/, - AI n/in

D, I~II',\\I+{D= ,~+2DJ Idll',\11

- D ~ I ~ ~ ' .." - D, 11 C, '." - ( D 7 I -! + Dill' )~ " II

-D x 1~1/\.\\-D'111I",'T-(/)III~+DI(Jll)r"."

- (D j ~ I ~ + D, ~ I duo.\"\' - D 1-1 1~I'O.u - D 111\1'11,11

- AI )X~·\ - At 5x l/, - AI ~~""(J, (2\ )
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Table 3. Son-dimensionalized fundamental frequencies. (ii = IOOwh" ,(pi ET ). of angle-
ply square laminated plates of two layers

It E(,'ET
(rh (deg.) 3 10 20 30 40

4 5 26.270 32.592 36.644 38.7lC 40.132
15 26.09S 31.57S 35.002 36.902 38.174
30 25.830 30.S50 34.324 36.442 37.912
45 25.758 31.006 34.690 36.946 38.508

10 5 7.2398 9.7159 11.839 13.220 14.211
15 7.1826 9.2293 10.S23 11.853 12.618
30 7.0954 8.8670 10.369 11.4(>6 12.338
45 7.0722 11.9114 10.504 11.61\2 12.619

100 5 0.0752 0.1052 0.1354 0.151\7 0.1778
15 0.0746 0.09118 0.1200 0.1353 0.1476
30 0.0736 0.0941 0.1132 0.1286 0.1421
45 0.0734 0.0945 0.1148 0.1315 0.1461

Assuming that the plate is simply supported by smooth pins allowing tangential dis­
pl,u.:cment along the boundaries. in addition to eqns (13) -( 15). conditions (16) are changed
to

/In{O. Y) = /lu(a.y) = fu(X. 0) = fn{X. h) = 0

Nn(x.O) = N,r(x.h) = N",(O.y) = N,,(a. .!') = O. (22)

The boundary condilions and tile governing equations arc satisfied by the displacement
lidds

, • {' Imt
/lll = L. /In"," Sin :xx cos ,y e

ttI;n I

, • {' 1(lll
t'll = L. I'll",,, cos :xx sIn ,y e

m.ff I

and the remainder being the same as in eqns (17). This kind of simply supported anti­
symmetric ,I/lgle-ply lamina led plate was analysed from classical plate theory by Whitney
(1969) and Whitney and Leissa (1969).

Using a similar procedure to that for cross-ply laminates. a similar set of equations is
obtained. Numerical results arc presented in Tables 3 and 4. The thickness of each layer is
the same and the material coellicients equal to those in etlns (20).

Tahle 4. Non-dimensionalized I;ritic;tl wellkients. iii = .Vh~/(E(h '). of angle-ply square
laminat<:d plal<:s of two !;ty<:rs

tJ EIlEr
(JIll (d<:g.) 3 10 20 .'0 40

4 5 4.5606 6,9770 IU~040 9Jl60X 10.5629
15 4.5111 6.6105 IU470 9,0692 9.7101
30 4.4379 6.34X9 H457 X.82M 9.536X
45 4.4206 6.4240 X.0145 9,06:W 9.1'200

10 5 5.3890 9.7020 14.4174 18.l}059 20.8422
15 5.JOX I X.7X84 12.1370 14.6057 16.5880
30 5.1872 X.1269 11.1235 13.6051 15.75l7
45 5.1561 X.213ll 11.4151 14.1103 16.4558

100 5 5.7350 11.20·m 18.5ll44 25.5119 32.0411
15 5.6386 9.llnl 14.5982 IX.5419 22.06112
30 5.4942 ll.9669 12.9770 16.7706 20.4793
45 5.4566 9.0570 13.3545 17.5169 21.6384
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4. CONCLUSIONS

The laminated plate theory presented by Ren is used to analyse laminated plates for
free vibration and buckling. Closed-form solutions for cross-ply simply supported plates
arc compared with three-dimensional elasticity solutions. and are in good agreement.
Closed-form results for angle-ply plates. whieh do not have exact solutions. arc also
presented. From these. it is shown that the present bending theory of laminated plates is
suitable for dynamic and buckling analysis.
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